Introduction
There are many fixed point theorems in which the mappings under consideration are either nonexpansive or contractive or a generalization of these mappings. Since the inverse of a (asymptotically) nonexpansive mappings is (asymptotically) expansive [4] , one is naturally led to the study of fixed point theorems in which the contraction type condition is replaced by a corresponding expansion type condition* Recently Delbosco [2] obtained some fixed point theorems under a new contractive condition, in this paper, we prove some results under the corresponding expansive condition, improving results of Dhage [3] and Wang, Li, Gao and Iseki [8] .
Preliminaries
Let R + be the set of nonnegative real numbers and let cp:(R + )-* -*• R + be a real-valued function satisfying the following properties: (i) cp is continuous in the whole (R + )^, (ii) 9(1,1,1) = h <1, where he R + , (iii) let u,v e R + be such that either u«<p (u,v,v) or u<cp (v,u,v) or u $ <p (v,v,u) , then u$h*v. Delbosco [2] proved the following result: Theorem 1. Let f be a selfmapping of a complete-metric space (X,d) satisfying the inequality
for all x,y in X, where cp satisfies properties (i), (ii) and (iii). Then f has a unique fixed point.
Sessa [7] strengthened this result proving that the assumption (i) is neoessary otherwise Theorem 1 could be false and furtherly he considered real-valued functions cp: (R + ) 3 R + satisfying the following property: (iv) let u,v e R + be such that either u<<p (u,v,v) or u<q> (v,u,v) or u<<p (v,v,u) , then u <v.
Since we wish to esteblish some fixed point theorems on the corresponding expansive conditions along the lines of [3] and [8] , slightly weakening properties (iii) and (iv), now we introduce the following definitions: Definition for all x,y in X, where ¥ satisfies property (A). Then f is the identity mapping of X.
Proof.
From (1) + , hj 1, satisfies property (A'). Now the inequality (1) cannot be read as
for all x,y in X with h »1 otherwise Theorem 2 fails. Indeed, let X = R + with euclidean metric d and fx * = hx + 1 for any x e X and h £ 1. We have
for all x,y in X, but f is not the identity mapping of X. Analogous consideration was pointed out by Hhoades [6] for h = 1.
However, imposing that (1) is verified for any distinct points of X, the following theorem holds: Theorem 3* Let (X,d) be a complete metric space and f a selfmapping of X satisfying the inequality (1) for all x,y in X with x 4 y, where ¥ satisfies property (B) with h>1. If property (C) holds, then f has a fixed point.
Proof. Let x Q be arbitrary in X and let x 1 be a point of X such that x 1 e f~1(x 0 ). This can be made because f is onto. Continuing in the same manner, we are able to build a sequence {* n } such that x n e f " 1 (
x n _-j) for n * 1.2,... . If x" * s x_ for some n, then fx" = x" * = x_ and x" should be n-i n ' n n-l n n a fixed point of f. Without loss of generality, therefore we may assume 4 x n for every n. Prom (1), we have
whioh implies by property (B):
is a Cauchy sequence. By completeness of Zv it oonverges to some point x in X. Let yef"*^(x). Clearly one gets xn / x for infinitely many n and then using (1), we have for such n:
fy) ^ !t(d(xn+1,y),d(xn+1,xn)fd(x,y)).
Letting n tend to +oo we obtain 02 ¥{d(x,y), 0, d(x,y)) from property (C). Then property (B) implies 0^h*d(x,y), i.e. ty • x = y. Thus f has a fixed point and this coneludes the proof* Remark 2.
In [8] , the authors considered the following inequality • v > (a+b+c) *v = h'T.
Thus we have proved that tp, defined from (5)» satisfies property (B) and clearly it also verifies property (C).
Bote that one may assume b = c <1 by symmetry. Then the following Corollary follows immediately from Theorem 3< Like pointed out in [8] , the fixed point of f in Theorem 3 and Corollary 1 is not unique. Indeed, the-identity mapping f of X satisfies trivially (4) with a < 1 and b = c < 1 such that a + b + o>1. Remark 4.
The condition of ontoness on f in Theorem 3 and in Corollary 1 cannot be dropped. Indeed, we oonsider X « (-oo,+oo) with euclidean metric and for all x,y'in X and clearly (4) is satisfied with b = c « 0 and a = h. However f is not onto since f(X) = X~(-h/2,h/2| j*X and f has not fixed -points. We explicitly note that this example becomes that of [8] for h = 2. Remark 5.
Like pointed out in [8] , we observe that if h> = with h> 1 (see Remark 1), the technical proof exhibited along Theorem 3 is not adequate because, letting n tend to +oo in the inequality (3), we obtain 0 £ h«min{d(x,y), 0,d(x,y)} = 0 and this does not implies x = y. However, one may overcome this inconvenience assuming the continuity of f and moreover the property (C) on the function ip may be relaxed, as is shown in the following theorem: Theorem 4* Let (X,d) be a complete metric spaoe and f a selfmapping of X satisfying the inequality (1) for all x,y in X, where satisfies property (B') with h> 1. If f is onto continuous, th9n f has a fixed point. for any ueR + -{o}, then z is the unique fixed point of f and g. Therefore, z is the unique common fixed point of f and g.
Proof.
The continuity of f and g and the upper semicontinuity of F imply that the functions F{x,fx) and F(x,gx) are upper semicontinuous. It follows from the compactness of X that there are points p and q in X such that F(p,f(p)) = sup {F(x,f(x)) : xeX} and F(q,g(q)) = sup {F(x,g(x)) : xeX}.
If either p = f(p) or q = g(q), the thesis follows immediately. Therefore we may assume p i f(p)) and q 4 g(q).
How we suppose that f(p) t g(f(pj) and g(q) t f(g(q)). From (6) we deduce that F(fp,gfp)> y(*(p,fp), F(p,fp), F(fp,gfp)) and p'(fgq,gq) > zrW&q.q)» P(gq.fgq), F(q,gq)).
Since F(p,fp)> 0, F(q,gq) > 0, F(fp,gfp)>0 and F(gq,fgq)>0 (cfr. property (j)), the property (D) implies (8) F(fp,gfp)> F(p,fp) and (9) F(fgq,gq)> F(q,gq).
By the definition of p and q, .we have from (8) and (9): F( p,fp)^ F(gq,fgq)> F(q,gq) and F(q,gq) 2 F(fp,gfp)> F{p,fp), which are two contradictory statements. Then either f(p) = = g(f(p)) or g(q) = f(g(q)J, i.e. either z = f(p) is a fixed p6int of g or w = g(q) is a fixed point of f. Now we show that z is also a fixed point of f if condition (7) holds. Let z = g(z) 4 f(z). Then we have from (6) and (7):
which i3 a contradiction. So z is a common fixed point of f and g. If we assume w = f(w), similarly it is shown that condition (7) implies that w is also a fixed point of g. Thus we have, proved that f and g have a common fixed point (say) z if (7) holds. Let z' a second fixed point of f distinct from z. Then we have f(z') = z' 4 z = g(z), F(z',z)>0 (cfr. property (j)) and using (6) and (7) we get: F(z',z) = P(fz',gz)> jr(P(z',z),P(z',fz'),P(z,gz)) = = 3* (F(Z' ,Z) ,0,0)) i F(z' ,z), which ia a contradiction. Thus z is the unique fixed point of f and similarly one proves that z ia the unique fixed point of g. This concludes the proof.
Assuming y(t1,t2,t3) = max{t1,t2,t3} for any t1»tg.t^e R + , one easily proves that 3* satisfies property (D) and (7) . Then the following result follows immediately from Theorem 5:
"Corollary 3. Let X be a compact topological space and f and g continuous selfmappings of X satisfying the inequality (10) F(fx,gy) > max{p(x,y), P(x,fx), F(y,gy)} for all x,y in X with fx ^ gy. Then f and g have a unique common fixed point. The result of thin Corollary was established by Dhage [3] . We conclude exhibiting an example which shows that Theorem 5 is a stronger result than Corollary 3«
Example . Define X and F as in Remark 7 and lat f and g be given by 
